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One-sector optimal growth model

(k) = | max {ulf(k) ~y) + pu(y)) (1)

where f : RT — RT and uv: RT — R are continuous functions
and k is fixed. We assume that:

(Uno<p<i,; (T1) f is continuous;

(U2) u is continuous; (T2) £(0) =0, and for some
o . k>0:k<f(k) <k, all

(U3) u is strictly increasing; 0< k <k and F(K) < k. al

(U4) u is strictly concave; k > k:

(U5) u is continuously (T3) f is strictly increasing;

differentiable;

—~

T4) f is weakly concave;

—~~

T5) f is continuously
ifferentiable.

o
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One-sector optimal growth model

Note that K = [0, k] is the set of maintainable capital stocks. If
y € K, then v and f are bounded on the relevant domains. Under
these assumptions, have the following results:

O Under (U1)-(U3) and (T1)-(T3), there exists a unique,
bounded, strictly increasing, continuous function v satisfying
(1), and the optimal policy correspondence G is nonempty —
see Theorems 4.2-4.7 in S&L (1989);

O Additionally, under (U4) and (T4), v is strictly concave and
the optimal policy correspondence is single-valued and
continuous — Theorem 4.8 in S&L (1989).
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One-sector optimal growth model
Stationary Points

O There is a trivial stationary point at kK = 0.

O If kg = 0, then f(0) = 0, the capital stock and output are zero
in every subsequent period.

O To determine other stationary points, consider the first-order
and envelope conditions for problem (1):

u'[f(k) — g(k)] = Bv' [g(K)], ()
vi(k) = u' [f(k) — g (k)] (k). (3)

O At any stationary point we have that g(k) = k. A necessary
condition for a stationary point implied by (2)-(3) is:

1= Bf'(k) (4)
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One-sector optimal growth model
Stationary Points

Under the stated assumptions on f, there exists a unique positive
solution to this equation:

K= f"H(1/p) (5)
Since v is strictly concave, we have that
{v'(k) = V' [g(k)]} [k — g(k)] < 0,Vk € (0,k] (6)

with = iff g(k) = k. Substituting v/(k) with the envelope
condition, and v/[g(k)] with the FOC, and using the fact that
v'(c) > 0, conclude that:

[f'(k) = 1/B][k — g (k)] < 0,Vk € (0,4], (7)

with = iff g(k) = k.
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One-sector optimal growth model

Dynamics

O The LHS of (7) is zero at k*, and holds with strict inequality
for k # k*.
O Since f is concave, f'(k) S 1/B as k = k*.
O It follows that g(k) < k as k = k*.
We have established the following:

Proposition: Let f, u and B satisfy the assumptions above, and let
g be the policy function that solves (1). Then g has two stationary
points, k = 0 and k* = f/(1/pB), and for any ko € (0, k], the
sequence {k¢}3>, given by ke11 = g(k¢) converges monotonically
to k*.
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One-sector op

Dynamics

timal growth model

Figure: Policy function, g(k), and steady state capital k*.
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One-sector optimal growth model

Dynamics

Figure: Capital Stock, k¢, and steady state capital k*.
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Portugal's Capital Stock

Dynamics

Portugal Capital Stock Level Since 1980
—— Portugal
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Data: Penn World Table 10.01. Figure: ChatGPT.
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U.S." Capital Stock

Dynamics

U.S. Capital Stock Level Since 1980
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Data: Penn World Table 10.01. Figure: ChatGPT.
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Adding Growth to the Growth Model

The simplest way to ensure steady-state capital (and consumption)
growth is to postulate exogenous technological change (Solow's
(1956)), at the constant rate 1+ > 1:

Le = AcL, with Ay = (14 1)A;_1, (8)

where L is a fixed stock of labor.

Consumer preferences:
(o]

Y BCl/y (9)
t=0
0< B <1, v>0. Technology:
G+l < F(Ki L), t >0 (10)
Kt+1 - (1—5)Kt+/t,t20 (11)
Lt+1 = (1 -+ ]/l)Lt, t>0 (12)
Lo > 0, Ko > 0 given. (13)

F is strictly increasing, concave, and continuously differentiable
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Exogenous Growth Model

Without loss of generality, normalize Lo = 1. Then define:

ke =(14+u) 'Ky, ce=(1+u)""C; ir=1+4+u) "ht>0.
(14)

Additionally, define f : RT™ — R* by f(k;) = F(ke, 1). Using

these definitions, we can write the optimal growth model in

functional form as:

)= max {1/ B+ (19
subject to ¢+ (1 + )k’ < (k) + (1 —6)k, k given.

Previous analysis goes through, provided B(1+ u)? < 1.
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Exogenous Growth Model

Dynamics

Figure: Capital Stock, k:, and steady state growth.
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Exogenous Growth Model

Dynamics

Figure: Capital Stock, k¢, from two different kg.
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Growth rates in selected countries

Capital Stock Over Time (Normalized to 1980) for Selected Countries
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Exogenous Growth

O Different countries may have different growth rates:
14 yi, country f

O Why? And if it depends on country, is it exogenous?

O Some countries converge to the same (1 + u)*f(k*), others
pass others in output, over time.

O Exogenous movement of the production possibilities frontier
over time.

O Change in the production frontier does not require any
resources.

O Typically, we think of R&D activities, education, etc. These
do take up resources, labor, and capital.
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Endogenous Growth

O New theories during the 1990s, starting in U. of Chicago with
Paul Romer et al.: endogenous growth (the rate at which
technology advances).

O In these models, the technology set is independent of time
(and country) — what is possible to do —, but the optimal
choices about what to do are different.

O What can be done in a given country and time depends on
the level of 'knowledge’, and how this 'knowledge’ evolves
over time is modeled explicitly.

O Increasing 'knowledge' over time requires resources.

O Different assumptions about the form 'knowledge' takes, how
it is shared and transmitted across individuals, time, location,
etc.
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Endogenous Growth Model

Recall the technology in the exogenous growth model seen before:
e +xe < F(ke, (1+p)ny) (16)

Here we endogenize the growth rate of productivity: (1 + p)*

ct + xpe + xue < F(ke, heny), (17)
hes1 < xue + (1 —6p)he, (18)

ki1 < xke + (1 - 5k)kt. (19)

hg, ko fixed, (20)

with hyy1 optimally chosen.

Question: under what conditions the optimal path of h; is
(14 p)tho, and what determines u?
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Endogenous Growth Model

A simple version of the model can easily be expressed as a dynamic
programming problem. Suppose labor is inelastically supplied:
n: = 1,Vt.

v(h k) = max {u(c) + pv(K K')} (21)

c,h k
subject to
=F(k,h)—h — k' — (1 =6n)h— (1 —35k)k (22)
FOCs and ECs imply:
Fo(h' K'Y +1—6, = Fe(H, k') +1— 6y (23)

Assume F is homogenous of degree one:

(23) = W /K = (h/K')* = constant, V(h, k).  (24)
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Endogenous Growth Model
Assume F is Cobb-Douglas F(h, k) = k*h'=%, &, = &4
Fh(h/,k/)—|—1—5h = Fk(h’,k’)—i—l—(Sk (25)
K\ “ AN W 1-—ua

and v is CES:

<CC'> — Bl (K) +1— 4] (27)

Note that:
F(k’lfT“, K') = f(K') = AK', with A = (1 — “)H, (28)
fi(K)=A = CC = (BA+1-5])"". (29)

Endogenous steady-state growth depends on preferences and
technology.
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Growth Models

You may have noticed that the endogenous growth model with
human capital accumulation, under the assumptions above,
reduces to a one-sector growth model, with a linear technology:

max i Bict™7/(1—0) (30)
t=0
s.t.
ct + (]. + a)(kt+1 — (1 — 5k)kt) < Akt, (31)

with ko given, a = (1 —a)/a. (Assume hg = aky.)
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Readings

O L&S (2018): 15
O S&L (1989): 5, 6.1

Jodo Brogueira de Sousa 6119 - Macroeconomics 22 /22



