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Fiscal Policy in a Growth Model

O Main reference:

O Ljungqvist and Sargent 'Recursive macroeconomic theory’
(2018), Chapter 11.

O Framework that allow us to analyze how taxes distort
production and consumption (and labor) decisions.

O Simple version of the standard growth model with a
government that purchases goods g; every period, and that
finances it with taxes.

O Here we take the government actions as given (exogenous).

O In the second part of the course, we will study optimal
government policies.

O The government is described by a sequence of government
purchases {g:}72,, taxes {7:}72, and debt {B:}°,.

Jodo Brogueira de Sousa 6119 - Macroeconomics 2/25



Fiscal Policy in a Growth Model

Economy: Preferences

A representative household has preferences over streams of a single
consumption good ¢; given by:

o0

S8 U(e) (1)

t=0

O B €(0,1): discount factor.

O U is strictly increasing in c;, twice continuously differentiable,
and strictly concave. Common assumptions:

O U(ct) = log(ct)

e} U(Ct) _ =71

T
l-o0

o>1
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Fiscal Policy in a Growth Model

Economy: Technology
The technology is:

Ct + 8t + Xy = f(kt) (2)
kt+1 = (1 - (S)kt + Xt (3)

O Single good produced with f(k;), used for consumption (c;),
government purchases (g;), or investment (x;).

O k; is the stock of physical capital available for production at t,
O § € (0,1) is the depreciation rate of capital,
O x; is gross investment,

O f is a linearly homogeneous production function with positive
and decreasing marginal product of capital: ' >0, f” < 0.
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Fiscal Policy in a Growth Model

Household Budget Constraint

The representative household flow of funds in t = 0,1, ... is:

(1+Tct)ct+kt+1+1+lrt+1bt+1 < b+ (1= 64 (1 —7he) uf ) ke — Ty
(4)
O T: consumption tax,
O k¢t1: capital holdings in t + 1 (ko is given),
O bi41: real public debt in t + 1 units,
O 1/(1+ reg1): price of ber1 in units of period t goods,
O §: capital depreciation rate,
O Ty capital income tax,
O uk: return on capital between t — 1 and t,

O 7pe: lump-sum tax.
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Fiscal Policy in a Growth Model

Government Budget Constraint

Every period, the government purchases g; units of goods and

repays outstanding debt B;, using tax revenues and issuing new
: 1.

debt B;y1 at price T

1
g+ B = Tctct+7_ktué(kt+7—ht+ ?Bt—i-la (5)

L+ rep

g+ government purchase of goods,
B;: debt due in period t,

TetCy: consumption tax revenue,
Tktufkt: capital income tax revenue,

The: lump-sum tax,

o O O 0 O O

B:+1: one-period debt issued in t, due in t + 1.
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Fiscal Policy in a Growth Model

Government Budget Constraint

In period 0 and 1:

1
go-i-Bo:Tc0Co+TkoU§k0+Tho+1731 (6)
+I‘1
g1+B1=TC1C1+Tk1Ufk1+Th1+1 B> (7)
+

Adding the two conditions we obtain:

g0 + By = 1coc0 + Tkoué(ko + Tho+

[Tercr + Trauf ke + Th1 + B> — g1] (8)

n 1 1
1+n 1+n
Adding all the conditions for t = 0,1, ...:

o (o]
qugt+ By = ZQt{TctCt+Tkthkt+Tht}+ lim grBr (9)
t=0 t=0 T—oo

g: = m (price of period t good in units of period 0); go = 1.
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Fiscal Policy in a Growth Model

Representative Firm

The firm rents capital from the household and chooses k; to
maximize:

f(ke) — ufke, t=0,1,... (10)

Recall that uf is the rental cost of capital to the firm.
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Fiscal Policy in a Growth Model

Competitive Equilibrium

The household owns capital, makes consumption and investment
decisions, rents capital to a representative firm and lends to the
government. The representative firm chooses capital in order to
maximize profits.

DEFINITION: A competitive equilibrium with taxes is a (i)
budget-feasible government policy, a (ii) feasible allocation, and a
(iii) price system such that, given the price system and the
government policy, the allocation solves (iv) the household's
problem and (v) the firm's problem.
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Fiscal Policy in a Growth Model

Competitive Equilibrium (cont.)

(i) Given By (initial debt), a budget-feasible government
expenditure and tax plan {gt, Tct, Tke, The 5o Satisfies:

[ee] o0
thgt + By = th{TctCt+Tktufkt+Tht}a (11)
t=0 t=0
lim qTBT =0. (12)
T—o0
(i) Given ko, a feasible allocation satisfies:

Ct+gt+kt+1_(1_5)kt: f(kt), t:0,1, (13)

(iii) A price system {q, uk}°,,
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Fiscal Policy in a Growth Model

Competitive Equilibrium (cont.)

(iv) Given kg and bp, the household chooses {ct, ki1, be41}22, to
maximize:

> Blule) st (14)
t=0
(1+7-ct)ct+kt+l+1 Fert bt—l—l S bt+(1—5+(1—7'kt)utlf)kt—7'ht
t+
(15)
(v) The firm chooses k; to maximize:
Ny = f(ke) — ubky, t=0,1,... (16)
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Fiscal Policy in a Growth Model

Consumer's problem

Consumer’s consumption problem:

oo
maXx tU c st 17
{Ct:kt+1,bt+1}toio ; B ( 1.‘) ( )

1
(1+Tct)ct+kt+1+17bt+l < bt+(1*5+(1*7'kt)uf)kt*7'ht
+ reea ( )
18

Lagrangian, with multipliers p;:

L= U(ct) + > e [bt (1= 0+ (1— he) ke
t=0 t=0
1

—b
1+ rs t+1

—Tht — (L4 Tet)Ce — kg1 —

Jodo Brogueira de Sousa 6119 - Macroeconomics 12 /25



Fiscal Policy in a Growth Model
Consumer’'s FOC

Consumer’s problem first order conditions:
(ct) B'U'(ct) = pe(l+7e) =0
(key1) = e+ pepr(1 = 6+ (L= Theqa)ugy 1) =0

MKt
b - 4 =0
( f+1) 1+ Fei1 Hi+1

(e) be+(1—0+(1- Tkt)“f)kt — Tht—

1
b1 =0

14 7ee)ce — ki1 —
( ct)t t+1 1+ rems
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Fiscal Policy in a Growth Model
Consumer’'s FOC

(19) and (20) imply:

1 + 7 t)
U'lee) = U’ R N £l t=0,1,...
(Ct) /3 (Ct+1)(1 +Tct+l)[ +( 7_kt“+1)ut-i-1]7 s 4y
(23)
(20) and (21) imply:
14 re1=1—04 (1 — They1)usq, t=0,1,... (24)

(22) can be rewritten as:

o0 (o ¢]
. . qT
1 [ k lim ——b
tzzg qe(1 + 7ee)ce + tz:; qtTht + Tinoo qTKT+1 + Tinoo 1+ rro T+1

< bo + (1=0 + (1 — ko) &) ko (25)
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Fiscal Policy in a Growth Model
Firm's FOC

The firm chooses {k;}?°, to maximize:
f(ke) — ufke (26)
First order conditions:

f'(k;) —uk =0, t=0,1,.. (27)

Note: Assumptions on U and f imply FOCs are sufficient for a
maximum.
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Fiscal Policy in a Growth Model

Equilibrium Conditions
Fort=0,1,...:

(1+ 7et)

e ()

th + Tet Ct+7'ht]—b0+(1_5+(1_7k0)uo)0

1 —+ rt+1 = 1 — 5 + (1 — Tkt+1)ui.(+1
f'(kt) — uf =0

oo

Z Qt{gt — TctCt — Tktué(kt - 7'ht} =0

t=0
f(ke) —ct — & —ker1 +(1 =)kt =0
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(32)
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Fiscal Policy in a Growth Model

Solving for the equilibrium path

O From (33), with ko given, if we knew the optimal consumption
co, we would know the capital stock next period kj.

O The Euler equation (23) gives precisely the optimal growth
rate of (the marginal utility of) consumption between any
period t and t + 1:

Ulct) (1+ 7ct)

_ B . P
Ulcesr) 6(1 + Tct+1)[1 0+ (1= Twesr)uea]  (34)

O Using (33) to substitute out ¢; above:

U (f(ke) — gt — ke1 + (1 — 0)ke) B

U’ (f(ker1) — g1 — kepo + (1 — 0)key1)
(4 Te)
(1 +7'ct+1)

(35)

B [1—04 (1= mesn)ufiq], t=0,1,...
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Fiscal Policy in a Growth Model

Solving for the equilibrium path

O (35) is a second order difference equation in k;.

O With two boundary conditions we can solve for the path of
capital using (35) alone.

O Assume government policy converges: T¢y — Tc, Tkt — Tk,
g — g ast—T.

O Idea: since we know the initial ko, guess (and verify) that the
economy converges to a constant steady state with k; = k as
t — 00.

O k gives the second boundary, the steady state value of capital,
to which the equilibrium path of capital converges.

O Need to verify if a constant capital stock is consistent with
remaining equilibrium conditions (given a constant
government policy).
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Fiscal Policy in a Growth Model

Computing the equilibrium path with the shooting algorithm

Take a given path for the government policies {g¢, Tkt, Tt }, that
eventually becomes constant:

lim [gt Tkt Tet] = [g Tk 7|’ (36)
t—T

1. Use (35) to obtain k by solving:
1=8[1—-0+(1—7)f (k)] (37)

2. Select a large time index S >> T and guess an initial
consumption rate cg. Compute U'(cp) and solve for k; using
(33).

3. For t > 0, use (23) to solve for U'(ct+1) and ct41. Use (33)
to compute k¢qo.

4. lterate on step 3 to compute a candidate path l?t, t=1,...,5S.
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Fiscal Policy in a Growth Model

Computing the equilibrium path with the shooting algorithm

5. Compute ks — k.

6. If /25 > k, raise co and compute a new path /Qt, t=1,...,S. If
ks < k, lower ¢y.

7. Search for a value ¢y in this way, until ks ~ k.

When we reach 1?5 ~ k, we have numerically found the equilibrium
path for k; and ¢;. We can use the remaining equilibrium
conditions to find the other variables, such as r;, u¥, g;.

We can also find the present value of lump-sum taxes > ;2o q¢The
that clear the intertemporal government budget, (9).

Note that this equilibrium path depends on the particular path of
government policy. There are infinitely many equilibria, index by
the combinations of {g¢, Tkt, T } that satisfy (9).
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Fiscal Policy in a Growth Model

Effects of taxes on the equilibrium

Before turning to the computer to solve the economy’s equilibrium
path, it's useful to inspect the equilibrium conditions to learn how
different taxes affect equilibrium allocations and prices.

(1+ 7et)

M (e

[1 -6+ (1 — Ther1)upsa]  (38)

> (14 7er)cr + el = bo + (1= 6 + (1 — Tho)uf) ko~ (39)

t=0
f'(ke) — uk =0 (40)
14+ rp = 1—5+(1—Tkt+1)ué(+l (41)
Z qt{gt — TctCt — Tktui-(kt - Tht} =0 (42)
t=0
f(ke) —ct — g — key1 +(1—0)ke =0 (43)
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Fiscal Policy in a Growth Model

Effects of taxes on the equilibrium

Some terminology:

O Distorting taxes: the household can affect the tax payment
by altering a decision:

O Consumption tax: 7.¢; by altering ¢;;

O Capital income tax: Ty:u¥k; by altering k;.

O Non-Distorting taxes: the household cannot affect his
payments by changing a decision variable:

O Lump-sum tax: 7p:.
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Fiscal Policy in a Growth Model

Lump-sum taxes and Ricardian equivalence

Suppose that for a given stream of government purchases {g:}°,,
{Tet: Tke 320 = 0 and {74 }32, is such that:

> Grlgr — el =0, (44)
t=0

with X = {¢&, lzt+]_, ak, 7, 4: 152, the corresponding equilibrium.
Then X is not affected by a different sequence of taxes {74 }32,,
provided that

Z Gtlgr — The] = 0. (45)
t=0

Ricardian equivalence: different sequences of lump-sum taxes,
with the same present value, do not alter equilibrium allocations.
The timing of taxes is irrelevant. Only their present value appears
in the budget constraints of the government and the household.
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Fiscal Policy in a Growth Model

Constant 7. is not distorting

If 7t = 7c for t =0,1, ..., then:

1 ct
V() = U Gunn) 1 =64 (1= mesa)ufa] - (49
becomes:
U'(ce) = BU'(ces1)[1 — 6 + (1 — Tker1)ufy4] (47)

and 7. shows up only in the budget constraints of government and
households.

A constant level of 7. is not distorting.

Homework: Show under which condition this holds.
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Fiscal Policy in a Growth Model

Capital taxation is distorting

Constant levels or a varying capital tax 7 are distorting:

(1 + Tct)

(1 + 7ct+1) [1-o+(- 77<t-|r1)“f+1] (48)

U'(ce) = BU'(ces1)

Homework: Show how a constant 7y distorts the steady state
level of capital.

Jodo Brogueira de Sousa 6119 - Macroeconomics 25 /25



