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Exercise Sheet 2: Specification Tests for Panel Data

Models

– Draft Solution –

Question 1

Consider the error-components model

yi = xiβ + vi, vi = ιT ci + ui. (1)

Suppose that, conditional on xi, vi ∼ Normal(0,Ω) where

Ω = σ2
c ιT ι

′
T + σ2

uIT .

In the following, derive step by step the Breusch-Pagan LM test of the null hypothesis
σ2
c = 0. Use (without proof) the fact that the information matrix is block diagonal

between β and the variance parameters θ = (σ2
u, σ

2
c )
′ which allows you to compute

score and Hessian solely for θ.

(a) Show that for random sampling of yi and xi, i = 1, . . . , N , the conditional log-
likelihood function is

`i =
1− T

2
log σ2

u −
1

2
log(Tσ2

c + σ2
u)−

(Tσ2
c + σ2

u)
−1

2
v′iJTvi −

(σ2
u)
−1

2
v′iQTvi.

Note that the conditional log density of the multivariate normal distribution is, up
to an irrelevant constant, log f(vi) = −1

2
log |Ω| − 1

2
v′iΩ

−1vi and recall that Ω−1 =
φ2

σ2
u
JT + 1

σ2
u
QT . Hint: use the rule |A′A + In| = |AA′+ Im|, where A is a m×n matrix,

and the rule |cM| = cT |M|, where c is a scalar and M is a T × T matrix.

Answer: Based on the log density, the conditional log likelihood is, up to an irrelevant
constant,

`i = −1

2
log |Ω| − 1

2
v′iΩ

−1vi, vi = yi − xiβ.

To simplify it, first consider |Ω|, substitute its definition and apply the rules stated
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above:

|Ω| = |σ2
c ιT ι

′
T + σ2

uIT | =
∣∣∣∣σ2
u

(
σ2
c

σ2
u

ιT ι
′
T + IT

)∣∣∣∣ = (σ2
u)
T

∣∣∣∣σ2
c

σ2
u

ιT ι
′
T + IT

∣∣∣∣
= (σ2

u)
T

∣∣∣∣σ2
c

σ2
u

ι′T ιT + I1

∣∣∣∣ = (σ2
u)
T

(
σ2
c

σ2
u

T + 1

)
= (σ2

u)
T−1(Tσ2

c + σ2
u). (2)

Next consider Ω−1 and substitute the definition of φ:

Ω−1 =
φ2

σ2
u

JT +
1

σ2
u

QT =
1

Tσ2
c + σ2

u

JT +
1

σ2
u

QT . (3)

Now substitute (2) and (3) into the likelihood function and simplify:

`i = −1

2
log[(σ2

u)
T−1(Tσ2

c + σ2
u)]−

1

2
v′i

(
1

Tσ2
c + σ2

u

JT +
1

σ2
u

QT

)
vi

=
1− T

2
log σ2

u −
1

2
log(Tσ2

c + σ2
u)−

(Tσ2
c + σ2

u)
−1

2
v′iJTvi −

(σ2
u)
−1

2
v′iQTvi (4)

(b) Find the score si(θ) and Hessian Hi(θ) of `i with respect to the parameter vector
θ = (σ2

u, σ
2
c )
′. Evaluate Score and Hessian under the null hypothesis σ2

c = 0.

Answer: To find the score,

si(θ) = [si,1(θ), si,2(θ)]′ = ∇θ`i(θ)′ =

[
∂`i
∂σ2

u

,
∂`i
∂σ2

c

]′
,

we need the first derivatives of `i with respect to σ2
u and σ2

c :

si,1(θ) =
∂`i
∂σ2

u

=
1− T

2
σ−2u −

(Tσ2
c + σ2

u)
−1

2
+

(Tσ2
c + σ2

u)
−2

2
v′iJTvi +

σ−4u
2

v′iQTvi (5)

si,2(θ) =
∂`i
∂σ2

c

= −T
2

(Tσ2
c + σ2

u)
−1 +

T

2
(Tσ2

c + σ2
u)
−2v′iJTvi. (6)

For the Hessian,

Hi(θ) =

(
Hi,11(θ) Hi,12(θ)
Hi,21(θ) Hi,22(θ)

)
= ∇θsi(θ) =

(
∂2`i

∂σ2
u∂σ

2
u

∂2`i
∂σ2

u∂σ
2
c

∂2`i
∂σ2

c∂σ
2
u

∂2`i
∂σ2

c∂σ
2
c

)
,
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we have to find the second derivatives:

Hi,11(θ) =
∂2`i
∂(σ2

u)
2

=
T − 1

2
σ−4u +

(Tσ2
c + σ2

u)
−2

2
− v′iJTvi

(Tσ2
c + σ2

u)
3
− v′iQTvi

σ6
u

(7)

Hi,22(θ) =
∂2`i
∂(σ2

c )
2

=
T 2

2
(Tσ2

c + σ2
u)
−2 − T 2(Tσ2

c + σ2
u)
−3v′iJTvi (8)

Hi,21(θ) =
∂2`i

∂σ2
c∂σ

2
u

=
T

2
(Tσ2

c + σ2
u)
−2 − T (Tσ2

c + σ2
u)
−3v′iJTvi. (9)

For later use (estimation under the null) we evaluate score and Hessian when setting
σ2
c = 0 and thus using the restricted parameter vector θH0 = (σ2

u, 0)′. This yields score

si,1(θH0) =
1− T

2
σ−2u −

1

2
σ−2u +

σ−4u
2

v′iJTvi +
σ−4u
2

v′iQTvi

= −T
2
σ−2u +

σ−4u
2

(v′iJTvi + v′iQTvi)

= −T
2
σ−2u +

σ−4u
2

v′ivi

= −T
2
σ−4u (σ2

u − T−1v′ivi) (10)

where we use JT + QT = IT , and

si,2(θH0) = −T
2
σ−2u +

T

2
σ−4u v′iJTvi = −T

2
σ−4u (σ2

u − v′iJTvi). (11)

The Hessian becomes

Hi,11(θH0) =
T

2
σ−4u − σ−6u v′ivi (12)

Hi,22(θH0) =
T 2

2
σ−4u − T 2σ−6u v′iJTvi (13)

Hi,21(θH0) =
T

2
σ−4u − Tσ−6u v′iJTvi. (14)

where we use again JT + QT = IT in the derivation of Hi,11(θH0).

(c) Find the conditional expectation A(xi,θ) ≡ −E[Hi(θ)|xi] under the null hypoth-
esis σ2

c = 0.
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Answer: First note that, by the RE assumptions,

E[v′ivi|xi] = E[v2i1 + . . .+ v2iT |xi] = Tσ2
u.

Next use the definition JT = IT −QT which yields

v′iJTvi = v′i(IT −QT )vi = v′ivi − v′iQTvi = v′ivi − (QTvi)
′(QTvi).

Since QT is the within transformation matrix, we can write

(QTvi)
′(QTvi) = v̈′iv̈i = v̈2i1 + . . .+ v̈2iT ,

where v̈it = vit − v̄i. Recall from the discussion of the FE estimator that (under the
null hypothesis σ2

c = 0)

E[v̈2it|xi] =
T − 1

T
σ2
u.

Hence,

E[v′iJTvi|xi] = E[v′ivi|xi]− E[v′iQTvi|xi] = Tσ2
u − E[v̈2i1 + . . .+ v̈2iT |xi]

= Tσ2
u − T

T − 1

T
σ2
u = σ2

u.

Using these results, we can apply the conditional expectation elementwise to the
Hessian, i.e., to (12), (13), and (14). This yields

E[Hi,11(θH0)|xi] =
T

2
σ−4u − σ−6u Tσ2

u = −T
2
σ−4u (15)

E[Hi,22(θH0)|xi] =
T 2

2
σ−4u − T 2σ−6u σ2

u = −T
2

2
σ−4u (16)

E[Hi,21(θH0)|xi] =
T

2
σ−4u − Tσ−6u σ2

u = −T
2
σ−4u (17)

and thus

A(xi,θH0) =

[
T
2
σ−4u

T
2
σ−4u

T
2
σ−4u

T 2

2
σ−4u

]
=
T

2
σ−4u

[
1 1

1 T

]
. (18)
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(d) Find 1
N

∑N
i=1 s̃i = 1

N

∑N
i=1 si(θ̃) and 1

N

∑N
i=1 Ãi = 1

N

∑N
i=1 A(xi, θ̃), where θ̃ is

the CML estimator under the null hypothesis σ2
c = 0. Without proof use σ̃2

u =
1
NT

∑N
i=1

∑T
t=1 ṽ

2
it, where ṽit are the pooled OLS residuals.

Answer: Let us start with the score. Put (10) and (11) into a vector, substitute θ̃ and
average over all N observations:

1

N

N∑
i=1

s̃i = −T
2
σ̃−4u

[
1
N

∑N
i=1(σ̃

2
u − T−1v′ivi)

1
N

∑N
i=1(σ̃

2
u − v′iJTvi)

]
= −T

2
σ̃−4u

[
σ̃2
u − 1

NT

∑N
i=1 v′ivi

σ̃2
u − 1

N

∑N
i=1 v′iJTvi

]

= −T
2
σ̃−4u

[
σ̃2
u − σ̃2

u

σ̃2
u − 1

N

∑N
i=1 v′iJTvi

]
= −T

2
σ̃−4u

[
0

σ̃2
u − 1

N

∑N
i=1 v′iJTvi

]
(19)

Similarly, for the conditional expectation of the Hessian take (18), substitute θ̃ and
average over all N observations:

1

N

N∑
i=1

Ãi =
T

2
σ̃−4u

[
1 1

1 T

]
. (20)

(e) Show that the LM statistic

LM = N

(
1

N

N∑
i=1

s̃i

)′(
1

N

N∑
i=1

Ãi

)−1(
1

N

N∑
i=1

s̃i

)

can be simplified to

LM =
NT

2(T − 1)

(
1
N

∑N
i=1 ṽ′iJT ṽi

σ̃2
u

− 1

)2

.

Answer: First invert the conditional expectation of the Hessian:(
1

N

N∑
i=1

Ãi

)−1
=

2σ̃4
u

T

[
1 1

1 T

]−1
=

2σ̃4
u

T (T − 1)

[
T −1

−1 1

]
.
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Next, substitute it together with (19) into the LM statistic:

LM = N
T 2σ̃−8u

4

2σ̃4
u

T (T − 1)

[
0, σ̃2

u − 1
N

∑N
i=1 v′iJTvi

] [ T −1

−1 1

][
0

σ̃2
u − 1

N

∑N
i=1 v′iJTvi

]

=
NT

2(T − 1)
σ̃−4u

(
1

N

N∑
i=1

v′iJTvi − σ̃2
u

)2

=
NT

2(T − 1)

(
1
N

∑N
i=1 ṽ′iJT ṽi

σ̃2
u

− 1

)2

(21)

(f) Show that the LM statistic can be reformulated to

LM =
NT (T − 1)

2

(
σ̈2
u

σ̃2
u

− 1

)2

,

where σ̈2
u ≡ 1

N(T−1)
∑N

i=1

∑T
t=1(ṽit − ¯̃vi)

2. Interpret the statistic.

Answer: Note that

ṽ′iJT ṽi = ṽ′i(IT −QT )ṽi = ṽ′iṽi − ṽ′iQT ṽi.

Hence,

1

N

N∑
i=1

ṽ′iJT ṽi =
1

N

N∑
i=1

ṽ′iṽi −
1

N

N∑
i=1

ṽ′iQT ṽi = T σ̃2
u −

T − 1

N(T − 1)

N∑
i=1

(QT ṽi)
′(QT ṽi).

Since QT is the within transformation matrix, we can write

(QT ṽi)
′(QT ṽi) = (ṽi1 − ¯̃vi)

2 + . . .+ (ṽiT − ¯̃vi)
2 =

T∑
t=1

(ṽit − ¯̃vi)
2,

where ¯̃vi = 1
T

∑T
t=1 ṽit is the mean of the POLS residuals of individual i. Substituting

yields

1

N

N∑
i=1

ṽ′iJT ṽi = T σ̃2
u −

T − 1

N(T − 1)

N∑
i=1

T∑
t=1

(ṽit − ¯̃vi)
2.

Now recall from the discussion of the FE estimator that

E

(
1

N(T − 1)

N∑
i=1

T∑
t=1

(vit − v̄i)2
)

= σ2
u.
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This suggests to define the within-type estimator

σ̈2
u ≡

1

N(T − 1)

N∑
i=1

T∑
t=1

(ṽit − ¯̃vi)
2.

Hence,

1

N

N∑
i=1

ṽ′iJT ṽi = T σ̃2
u − (T − 1)σ̈2

u.

Substituting this into the expression for the LM statistic (21) yields

LM =
NT

2(T − 1)

(
T σ̃2

u − (T − 1)σ̈2
u

σ̃2
u

− 1

)2

=
NT (T − 1)

2

(
σ̈2
u

σ̃2
u

− 1

)2

.

This statistic lends to a nice interpretation. Under the null vit = uit, both estimators
of σ2

u are consistent and thus
σ̈2
u

σ̃2
u

p−→ 1.

Under the alternative, σ̈2
u is still consistent because it wipes out the individual effect

but σ̃2
u is not. Hence, the LM statistic effectively checks whether these two estimators

are similar (do not reject the null) or rather different (reject the null).

Question 2

Consider the error-components model

yit = xitβ + vit, vit = ci + uit

with E(ci) = 0, E(uit) = 0, and E(ciuit) = 0.

(a) Show without using an expectation operator that for T = 2, the within-transformed
disturbances üit have first-order autocorrelation Corr(üi2, üi1) = −1.

Answer: Recall that üit = uit − T−1
∑T

t=1 uit. For T = 2 we thus obtain

ü1t = u1t −
1

2
(ui1 + ui2) =

ui1 − ui2
2
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and

ü2t = u2t −
1

2
(ui1 + ui2) =

ui2 − ui1
2

= −ui1 − ui2
2

.

Clearly, ü1t = −ü2t. Hence, they are perfectly negatively correlated with correlation
coefficient −1.

(b) Show that in general the within-transformed disturbances üit have first-order au-
tocovariance E(üitüit−1) = −σ2

u/T and first-order autocorrelation Corr(üit, üit−1) =
(1− T )−1 if uit is white noise with variance σ2

u.

Answer: Let us first find the autocovariance:

E(üitüit−1) = E[(uit − ūi)(uit−1 − ūi)]
= E[uituit−1]− E[uitūi]− E[ūiuit−1] + E[ū2i ].

Lets go through these four terms one by one.

• E[uituit−1] = 0 because uit is white noise.

• E[uitūi] = E[uitT
−1∑T

s=1 uis] = T−1
∑T

s=1 E[uituis] = T−1σ2
u because E[uituis] =

σ2
u for s = t and zero otherwise.

• E[uit−1ūi] = T−1σ2
u by the same reasoning.

• E[ū2i ] = T−1σ2
u because it is the variance of the mean.

Substituting these results yields

E(üitüit−1) = 0− T−1σ2
u − T−1σ2

u + T−1σ2
u = −T−1σ2

u.

To find the autocorrelation, we need the variances of üit and üit−1. Under the
assumption that uit is white noise with constant variance, we found these variance in
Lecture 1 as Var(üit) = Var(üit−1) = T−1

T
σ2
u. Thus the autocorrelation coefficient is

Corr(üit, üit−1) =
E(üitüit−1)√

Var(üit)
√

Var(üit−1)
=
−T−1σ2

u
T−1
T
σ2
u

=
1

1− T
.
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Question 3

Consider the simple model
yit = α + xtβ + vit,

where xt is a scalar regressor that varies solely with t (e.g., a time dummy or an
aggregate control variable). Show that the FE and RE estimators of β are numerically
identical. Hint: apply POLS to the within-transformed equation (which yields the FE
estimator) and to the quasi-demeaned equation (which yields the RE estimator). In
the latter case, use an arbitrary value λ = 1 − φ for the quasi demeaning and show
that the two estimators are identical for any λ.

Answer:
Let us start with the FE estimator. The within transformation yields

yit − ȳi = (xt − x̄)β + vit − v̄i, (22)

where ȳi = T−1
∑T

t=1 yit, x̄ = T−1
∑T

t=1 xt, and v̄i = T−1
∑T

t=1 vit are scalars. The FE
estimator is pooled OLS applied to (22):

β̂FE =

(
N∑
i=1

T∑
t=1

(xt − x̄)2

)−1( N∑
i=1

T∑
t=1

(xt − x̄)(yit − ȳi)

)
(23)

Simplify the second part:

N∑
i=1

T∑
t=1

(xt − x̄)(yit − ȳi) =
T∑
t=1

(xt − x̄)
N∑
i=1

(yit − ȳi)

=
T∑
t=1

(xt − x̄)
N∑
i=1

yit −
T∑
t=1

(xt − x̄)
N∑
i=1

ȳi

=
T∑
t=1

(xt − x̄)
N∑
i=1

yit −

[
T∑
t=1

(xt − x̄)

][
N∑
i=1

ȳi

]

where the last step uses the fact that
∑N

i=1 ȳi does not depend on t. Now recall from

basic statistics that
∑T

t=1(xt − x̄) = T x̄− T x̄ = 0 and substitute back:

N∑
i=1

T∑
t=1

(xt − x̄)(yit − ȳi) =
T∑
t=1

(xt − x̄)
N∑
i=1

yit =
T∑
t=1

N∑
i=1

(xt − x̄)yit.
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Hence, the FE estimator (23) simplifies to

β̂FE =

(
N∑
i=1

T∑
t=1

(xt − x̄)2

)−1( N∑
i=1

T∑
t=1

(xt − x̄)yit

)
(24)

Now let us turn to the RE estimator. Quasi-demeaning with some arbitrary λ =
1− φ yields

yit − λȳi = α(1− λ) + (xt − λx̄)β + vit − λv̄i. (25)

This can be transformed into an equation that has regressor xt − x̄ and thus the same
one as the within-transformed equation:

yit − λȳi = α(1− λ) + (xt − x̄+ x̄− λx̄)β + vit − λv̄i
= α(1− λ) + βx̄(1− λ)︸ ︷︷ ︸

µ

+(xt − x̄)β + vit − λv̄i

Now there are two ways to proceed. The first is to recall from basic econometrics
that OLS applied to an equation with intercept is identical to OLS applied to the
mean-adjusted data without intercept, where the mean is taken from the whole sample.
Hence, the lhs becomes

yit − λȳi −
1

NT

N∑
i=1

T∑
t=1

(yit − λȳi) = yit − λȳi − ȳ + λȳ = yit − λȳi − (1− λ)ȳ

where ȳ = 1
NT

∑N
i=1

∑T
t=1 yit = 1

N

∑N
i=1 ȳi, and the rhs remains unchanged

xt − x̄−
1

NT

N∑
i=1

T∑
t=1

(xt − x̄) = xt − x̄− x̄+ x̄ = xt − x̄.

Hence, it is equivalent to estimate equation (25) by POLS or this one:

yit − λȳi − (1− λ)ȳ = µ+ (xt − x̄)β + vit − λv̄i − (1− λ)v̄. (26)

POLS applied to this equation is

β̂RE =

(
N∑
i=1

T∑
t=1

(xt − x̄)2

)−1( N∑
i=1

T∑
t=1

(xt − x̄)(yit − λȳi − (1− λ)ȳ)

)
(27)
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The same simplification as used for the FE estimator above yields

N∑
i=1

T∑
t=1

(xt − x̄)(yit − λȳi − (1− λ)ȳ) =
N∑
i=1

T∑
t=1

(xt − x̄)yit.

Hence, the RE estimator becomes

β̂RE =

(
N∑
i=1

T∑
t=1

(xt − x̄)2

)−1( N∑
i=1

T∑
t=1

(xt − x̄)yit

)
. (28)

Clearly, (24) and (28) are identical.

The second way to analyze the RE estimator is to apply POLS directly to

yit − λȳi = µ+ (xt − x̄)β + vit − λv̄i, (29)

which implies we have a regression with intercept:(
µ̂RE
β̂RE

)
=

(
N∑
i=1

T∑
t=1

[
1

xt − x̄

] [
1, xt − x̄

])−1( N∑
i=1

T∑
t=1

[
1

xt − x̄

]
(yit − λȳi)

)

=

(
N∑
i=1

T∑
t=1

[
1 xt − x̄

xt − x̄ (xt − x̄)2

])−1( N∑
i=1

T∑
t=1

[
yit − λȳi

(xt − x̄)(yit − λȳi)

])

Due to
∑T

t=1(xt − x̄) = 0 simplify the off-diagonal elements of the first matrix to zero
which makes inversion easy:(

µ̂RE
β̂RE

)
=

[
NT 0

0
∑N

i=1

∑T
t=1(xt − x̄)2

]−1 [ ∑N
i=1

∑T
t=1(yit − λȳi)∑N

i=1

∑T
t=1(xt − x̄)(yit − λȳi)

]
=

[
(NT )−1 0

0
(∑N

i=1

∑T
t=1(xt − x̄)2

)−1] [ ∑N
i=1

∑T
t=1(yit − λȳi)∑N

i=1

∑T
t=1(xt − x̄)(yit − λȳi)

]

=

[
(NT )−1

∑N
i=1

∑T
t=1(yit − λȳi)(∑N

i=1

∑T
t=1(xt − x̄)2

)−1∑N
i=1

∑T
t=1(xt − x̄)(yit − λȳi)

]

For β̂RE this yields

β̂RE =

(
N∑
i=1

T∑
t=1

(xt − x̄)2

)−1 N∑
i=1

T∑
t=1

(xt − x̄)(yit − λȳi).
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By the same reasoning as above, this is identical to

β̂RE =

(
N∑
i=1

T∑
t=1

(xt − x̄)2

)−1 N∑
i=1

T∑
t=1

(xt − x̄)yit

and thus to the FE estimator.

Question 4

Consider the structural equation

yit = xitβ + vit, vit = ci + uit, (30)

where xit is a 1×K vector which includes only regressors that vary across i and t, and
the augmented equation

yit = xitβ + x̄iδ + rit, (31)

where x̄i is a 1×K vector of time averages. For what follows assume that RE.3 holds
and the variance components of the RE estimator are estimated using the Swamy-Arora
approach.

(a) Denote the RE estimators of β and δ in (31) by β̃ and δ̃. Show that β̃ is identical
to the FE estimator of β in (30), and δ̃ is identical to the difference of the between
and FE estimators of β in (30): β̃ = β̂RE and δ̃ = β̂B − β̂FE. Hint: inversion of the
partitioned matrix

A =

[
A11 A12

A21 A22

]
yields

A−1 =

[
D −DA12A

−1
22

−A−122 A21D A−122 + A−122 A21DA12A
−1
22

]
,

where D = (A11 −A12A
−1
22 A21)

−1.

Answer: To avoid all the sums, write the equations in stacked matrix form as

y = Xβ + V (32)

and

y = Xβ + X̄δ + E = [X, X̄]

(
β
δ

)
+ E = Zη + E. (33)
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The FE estimator applied to (32) yields the usual

β̂FE = (Ẍ′Ẍ)−1Ẍ′ÿ, (34)

where Ẍ = QX and ÿ = Qy.
The between estimator applied to (32) yields the usual

β̂B = (X̄′X̄)−1X̄′ȳ, (35)

where X̄ = JX and ȳ = Jy.
The RE estimator applied to (33) equals the OLS estimator applied to the quasi-

demeaned equation

Ry = RXβ + RX̄δ + RE = RXβ + φ̂JXδ + RE = [RX, φ̂JX]︸ ︷︷ ︸
RZ

(
β
δ

)
+ RE

because RJ = (Q + φ̂J)J = φ̂J and thus RX̄ = RJX = φ̂JX. Hence,(
β̃

δ̃

)
= (Z′R′RZ)−1Z′R′Ry =

([
X′R′

φ̂X′J′

] [
RX, φ̂JX

])−1 [X′R′

φ̂X′J′

]
Ry

=

[
X′R′RX φ̂X′R′JX

φ̂X′J′RX φ̂2X′J′JX

]−1 [
X′R′Ry

φ̂X′J′Ry

]
=

[
X′R′RX φ̂2X′J′JX

φ̂2X′J′JX φ̂2X′J′JX

]−1 [
X′R′Ry

φ̂2X′J′Jy

]
=

[
X̃′X̃ φ̂2X̄′X̄

φ̂2X̄′X̄ φ̂2X̄′X̄

]−1
︸ ︷︷ ︸

A−1

[
X̃′ỹ

φ̂2X̄′ȳ

]
,

where we used RJ = φ̂J = φ̂J′J. To invert A, we use the rule given above. It turns
out that

D = (A11 −A12A
−1
22 A21)

−1 = (X̃′X̃− φ̂2X̄′X̄(φ̂2X̄′X̄)−1φ̂2X̄′X̄)−1

= (X̃′X̃− φ̂2X̄′X̄)−1 = (X′R′RX− φ̂2X̄′X̄)−1 = (X′σ̂2
uΩ
−1X− φ̂2X̄′X̄)−1

= (X′[Q + φ̂2J]X− φ̂2X̄′X̄)−1 = (XQX)−1 = (Ẍ′Ẍ)−1.
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Hence,

A−1 =

[
(Ẍ′Ẍ)−1 −(Ẍ′Ẍ)−1φ̂2X̄′X̄(φ̂2X̄′X̄)−1

−(φ̂2X̄′X̄)−1φ̂2X̄′X̄(Ẍ′Ẍ)−1 (φ̂2X̄′X̄)−1 + (Ẍ′Ẍ)−1

]
=

[
(Ẍ′Ẍ)−1 −(Ẍ′Ẍ)−1

−(Ẍ′Ẍ)−1 (φ̂2X̄′X̄)−1 + (Ẍ′Ẍ)−1

]
.

Substituting this into the estimator yields(
β̃

δ̃

)
=

[
(Ẍ′Ẍ)−1 −(Ẍ′Ẍ)−1

−(Ẍ′Ẍ)−1 (φ̂2X̄′X̄)−1 + (Ẍ′Ẍ)−1

] [
X̃′ỹ

φ̂2X̄′ȳ

]
=

[
(Ẍ′Ẍ)−1X̃′ỹ − (Ẍ′Ẍ)−1φ̂2X̄′ȳ

−(Ẍ′Ẍ)−1X̃′ỹ + (φ̂2X̄′X̄)−1φ̂2X̄′ȳ + (Ẍ′Ẍ)−1φ̂2X̄′ȳ

]
.

Note that X̃′ỹ = X′[Q + φ̂2J]y = Ẍ′ÿ + φ̂2X̄′ȳ and thus(
β̃

δ̃

)
=

[
(Ẍ′Ẍ)−1Ẍ′ÿ + (Ẍ′Ẍ)−1φ̂2X̄′ȳ − (Ẍ′Ẍ)−1φ̂2X̄′ȳ

−(Ẍ′Ẍ)−1Ẍ′ÿ − (Ẍ′Ẍ)−1φ̂2X̄′ȳ + (φ̂2X̄′X̄)−1φ̂2X̄′ȳ + (Ẍ′Ẍ)−1φ̂2X̄′ȳ

]
=

[
(Ẍ′Ẍ)−1Ẍ′ÿ

−(Ẍ′Ẍ)−1Ẍ′ÿ + (X̄′X̄)−1X̄′ȳ

]
=

(
β̂FE

β̂B − β̂FE

)
.

(b) Find the Wald statistic to test the null hypothesis δ = 0 based on the classical RE
estimator of the augmented equation (31).

Answer: Let us start to find the population variance matrix of δ̃. Recall that under
homoscedasticity, the variance matrix of the full parameter vector is

Var

[(
β̃

δ̃

)]
= (Z′[IN ⊗Ω−1]Z)−1 = σ2

u(Z
′R′RZ)−1.

The inverse has been found above:

Var

[(
β̃

δ̃

)]
= σ2

u

[
(Ẍ′Ẍ)−1 −(Ẍ′Ẍ)−1

−(Ẍ′Ẍ)−1 (φ2X̄′X̄)−1 + (Ẍ′Ẍ)−1

]
.

Hence, the variance matrix of δ̃ is the lower right part:

Var(δ̃) = σ2
u(φ

2X̄′X̄)−1 + σ2
u(Ẍ

′Ẍ)−1.
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The Wald statistic thus is

W = δ̃′
[
V̂ar(δ̃)

]−1
δ̃ = (β̂B−β̂FE)′

[
σ̂2
u(φ̂

2X̄′X̄)−1 + σ̂2
u(Ẍ

′Ẍ)−1
]−1

(β̂B−β̂FE), (36)

where we replace unknown quantities by consistent estimators.

(c) Show that the classical Hausman statistic applied to equation (30) is identical to
the Wald statistic computed above.

Answer: The classical Hausman statistic is

H = (β̂FE − β̂RE)′[Âvar(β̂FE)− Âvar(β̂RE)]−1(β̂FE − β̂RE)

= (β̂FE − β̂RE)′[σ̂2
u(Ẍ

′Ẍ)−1 − (X′[IN ⊗Ω−1]X)−1]−1(β̂FE − β̂RE)

= (β̂FE − β̂RE)′[σ̂2
u(Ẍ

′Ẍ)−1 − (X′R′RX/σ̂2
u)
−1]−1(β̂FE − β̂RE)

= (β̂FE − β̂RE)′[σ̂2
u(Ẍ

′Ẍ)−1 − σ̂2
u(X̃

′X̃)−1]−1(β̂FE − β̂RE)

In order to transform it into the Wald statistic (36), use the equality

β̂RE = W1β̂B + (I−W1)β̂FE

where

W1 =

(
φ̂2

N∑
i=1

X′iJTXi +
N∑
i=1

X′iQTXi

)−1
φ̂2

N∑
i=1

X′iJTXi

=
(
φ̂2X′JX + X′QX

)−1
φ̂2X′JX

=
(
X̃′X̃

)−1
φ̂2X̄′X̄.

Substituting the equality yields

β̂FE − β̂RE = W1β̂FE −W1β̂B = −W1(β̂B − β̂FE).

Now substitute this into the Hausman statistic:

H = (β̂B − β̂FE)′W′
1[σ̂

2
u(Ẍ

′Ẍ)−1 − σ̂2
u(X̃

′X̃)−1]−1W1(β̂B − β̂FE)

= (β̂B − β̂FE)′

(W1)
−1
(
σ̂2
u(Ẍ

′Ẍ)−1 − σ̂2
u(X̃

′X̃)−1
)

(W′
1)
−1︸ ︷︷ ︸

V


−1

(β̂B − β̂FE).
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The term in squared brackets simplifies to

V = (φ̂2X̄′X̄)−1X̃′X̃
(
σ̂2
u(Ẍ

′Ẍ)−1 − σ̂2
u(X̃

′X̃)−1
)

X̃′X̃(φ̂2X̄′X̄)−1

= (φ̂2X̄′X̄)−1X̃′X̃σ̂2
u(Ẍ

′Ẍ)−1X̃′X̃(φ̂2X̄′X̄)−1 − (φ̂2X̄′X̄)−1X̃′X̃σ̂2
u(X̃

′X̃)−1X̃′X̃(φ̂2X̄′X̄)−1

= σ̂2
u(φ̂

2X̄′X̄)−1X̃′X̃(Ẍ′Ẍ)−1(Ẍ′Ẍ + φ̂2X̄X̄)(φ̂2X̄′X̄)−1 − σ̂2
u(φ̂

2X̄′X̄)−1X̃′X̃(φ̂2X̄′X̄)−1

= σ̂2
u(φ̂

2X̄′X̄)−1X̃′X̃(φ̂2X̄′X̄)−1 + σ̂2
u(φ̂

2X̄′X̄)−1X̃′X̃(Ẍ′Ẍ)−1φ̂2X̄X̄(φ̂2X̄′X̄)−1

− σ̂2
u(φ̂

2X̄′X̄)−1X̃′X̃(φ̂2X̄′X̄)−1

= σ̂2
u(φ̂

2X̄′X̄)−1(Ẍ′Ẍ + φ̂2X̄X̄)(Ẍ′Ẍ)−1

= σ̂2
u(φ̂

2X̄′X̄)−1 + σ̂2
u(Ẍ

′Ẍ)−1.

Substituting back into the Hausman statistic yields

H = (β̂B − β̂FE)′
[
σ̂2
u(φ̂

2X̄′X̄)−1 + σ̂2
u(Ẍ

′Ẍ)−1
]−1

(β̂B − β̂FE).

This is exactly the Wald statistic (36).
It remains to verify that the estimates of the error variances are identical, no matter

whether the RE estimator is applied to (30) which yields the Hausman statistic or
to (31) which yields the Wald statistic. To this end, recall that the Swamy-Arora
approach uses the within and between transformed equations. Applying the within
transformation to (30) and (31) yields

ÿit = ẍitβ + v̈it

and
ÿit = ẍitβ + ε̈it

because the within transformation wipes out the time invariant regressors x̄i. Hence,
the two are identical in terms of their lhs variable and regressors and so is the variance
estimator σ̂2

u based on this equation. Applying the between transformation to (30) and
(31) yields

ȳi = x̄iβ + v̄i

and
ȳi = x̄iβ + x̄iδ + ε̄i = x̄i(β + δ) + ε̄i.

Again, these equations are identical in terms of their lhs variable and regressors. Hence,
they produce the same variance estimator σ̂2

c + σ̂2
u/T . Consequently, both approaches

also lead to the same estimator φ̂.
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